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STRUCTURE OF THE UNRAMIFIED L-PACKET
MANISH MISHRA
Abstract. Let G be an unramified connected reductive group defined over
a non-archemedian local field k and let T be a maximal torus in G. Let λ
be an unramified character of T. Then the conjugacy classes of hyperspecial
subgroups of G(k) is a principal homogenous space for a certain finite abelian
group Ωˆ. Also, the L-packet Π(ϕλ) associated to λ is parametrized by an
abelian group Rˆ. We show that Rˆ is naturally a homogenous space for Ωˆ.
Further, let piρ ∈ Π(ϕλ), where ρ ∈ Rˆ and let [K] denote the conjugacy
class of hyperspecial subgroup K. Then we show that piKρ 6= 0 if and only if
pi
Kω
ω·ρ 6= 0 where ω ∈ Ωˆ and Kω is any hyperspecial subgroup in the conjugacy
class ω · [K].
Introduction
Let G be a connected reductive group defined over a local field k. The local
Langlands conjectures predict that the irreducible admissible representations of
G(k) can be partitioned into finite sets, known as L-packets, in a certain natural
way. Each packet is expected to be associated to what is known as a Langlands
parameter for G.
Now assume G is unramified, i.e., it admits hyperspecial subgroups. A represen-
tation of G is called unramified if it has a non-zero vector fixed under some hyper-
special subgroup of G(k). Unramified representations are of central importance in
the Langlands program, as almost all local components of global representations are
unramified. They were the first representations to be grouped into packets and as-
sociated with Langlands parameters. In this paper, we answer the question of how
L-indistinguishability is related to the different choices of hyperspecial subgroups.
Let T be a maximal torus in G contained in a Borel subgroup B, both defined
over k. A character of T (k) is called unramified if it is trivial on the maximal
compact subgroup T (k)◦ of T (k). An unramified character λ of T (k) corresponds
to a Langlands parameter ϕλ of G via the local Langlands correspondence for tori.
The local Langlands conjectures stipulate what the L-packet Π(ϕλ) associated to
such a Langlands parameter ϕλ has to be. Namely, (see [Bor79, 10.4])Π(ϕλ) should
2010 Mathematics Subject Classification 22E50 (primary), 20G25, 20F55, 20E42, 11R39 (sec-
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consist precisely of those subquotients of the induced representation Ind
G(k)
B(k)λ, that
are unramified. For a hyperspecial subgroup K of G(k), denote by τK,λ the unique
subquotient of Ind
G(k)
B(k)λ having a K-fixed vector. It is well known that the choice
of K determines a bijection between the group Rˆϕλ of characters of a certain finite
abelian group Rϕλ , and the elements of Π(ϕλ), with the trivial character of Rϕλ
corresponding to τK,λ. However, this does not tell us which character of Rϕλ
corresponds to which representation in Π(ϕλ). This hitherto unexplored question
on the finer internal structure of the L-packet is answered by Theorem 1 (see Section
2) which, given a character ρ of Rϕλ , specifies the various hyperspecial subgroups
K ′ for which τK′,λ corresponds to ρ.
Further, it has long been known that the various τK,λ as above are all the un-
ramified representations of G. This gets sharpened into a parametrization of the
unramified representations of G when combined with the Corollary 2 to Theorem 1
(see Section 2), which spells out what the relation between pairs (K,λ) and (K ′, λ′)
as above has to be, for τK,λ to be isomorphic to τK′,λ′ .
To put this result in perspective, let us briefly review some history of previous
work related to this problem. When G is (in addition to being unramified) simply
connected and almost simple and when λ is unitary and unramified, D. Keys showed
that all irreducible constituents of the principal series representation Ind
G(k)
B(k)λ are
unramified [Key82a, sec 4]. Without these extra conditions on G, D. Keys and F.
Shahidi specified a non-zero Whittaker functional afforded by τK,λ [KS88, Theorem
4.1].
A key idea required in the proof of Theorem 1 is that the Knapp-Stein R-group
can be realized as the stabilizer, in a certain subgroup of the affine Weyl group,
of a point xλ in the Bruhat-Tits building of G. This idea develops over the work
of M. Reeder [Ree10]. Note that we are allowing λ to be non-unitary, so the
principal series representation Ind
G(k)
B(k)λ does not, in general decompose as a direct
sum of irreducible representations. The construction of the L-packet as described
in [Sha11] is required.
1. Notations
Let G be an unramified, connected reductive linear algebraic group defined over
a p-adic local field k. We denote the k-point of G by G and likewise for all its
subgroups. Let A denote a maximal split k-torus in G and let T = ZGA, the
centralizer of A in T . Then T is a maximal torus in G, since G is quasi-split. Let
B be a Borel subgroup containing T . Let Ψ =
(
X,Φ,∆, Xˇ, Φˇ, ∆ˇ
)
be the based root
datum of (G,B,T ). Let Wk denote the Weil group of k. Let I = Ik be the inertia
subgroup of Wk and let σ = σk be the Frobenius element in Wk/I. The Frobenius
element σ induces an automorphism of Ψ which we again denote by σ. If K is a
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compact subgroup of G, we denote the set of conjugates of K in G by [K]. If π is a
representation of G, by the expression π[K] 6= 0, we mean that there is a non-zero
K-fixed vector in the space realizing π (consequently, for any conjugate K ′ ∈ [K],
there is a non-zero K ′-fixed vector).
A character of T is called unramified, if it is trivial on the maximal compact
subgroup T◦ of T . Let λ be such a character of T. To this character, one can
associate a Langlands parameter ϕ = ϕλ. Denote by Π(ϕλ) the L-packet assicated
to ϕλ. Let Gˆ be the complex dual of G. Let Sϕ = ZGˆIm(ϕ), the centralizer in Gˆ
of the image of ϕ and let S◦ϕ be its connected component containing the identity.
Let Zˆ = Z(Gˆ), the center of the dual group. Let Rϕ = Rϕ(G) := Sϕ/S
◦
ϕZˆ
σ be the
R group defined by Langlands. This group turns out to be abelian. The elments
of the L-packet Π(ϕ) are parametrized by Rˆϕ, the group of characters of Rϕ. This
parametrization is not canonical, however. It depends on the choice of a nilpotent
orbit. We fix a parametrization and denote the representation corresponding to a
character ρ ∈ Rˆϕ under this parametrization by πρ.
2. Statement of the theorems
LetGad be the adjoint group ofG and let T ad be the maximal torus ofGad which
is the image of T in Gad. The set of conjugacy classes of hyperspecial subgroups
of G is a principal homogenous space for the finite abelian group Ωˆ := coker(Xˇσ →
Xˇσad), where Xˇad := Xˇ(T ad). The action is defined as follows: the natural map
Xˇ(T ad)
σ ⊗ R → Xˇ(A) ⊗ R gives an action of Xˇσad on the apartment A(A). Let
H = {x ∈ A(A) : x is hyperspecial}. Sine G is unramified, we may and do assume
that the hyperspecial subgroups of G are the stabilizers Gx of hyperspecial points x.
For t ∈ Xˇσad and x ∈ H, define t · [Gx] := [Gt·x]. Then this action is well defined and
it makes the conjugacy classes of hyperspecial subgroups, a principal homogenous
space for Ωˆ.
Theorem 1. There exits a canonical surjection ζ : Ωˆ։ Rˆϕ and
π
ω·[K]
ω·ρ 6= 0 ⇐⇒ π
[K]
ρ 6= 0,
for all ω ∈ Ωˆ, ρ ∈ Rˆϕ, where K is a hyperspecial subgroup of G. Here ω·ρ := ρ+ζ(ω).
For a hyperspecial subgroup K, a representation of G is called K-spherical if it
is smooth, irreducible, admissible and contains a non-zero vector invariant under
K. Write B = TU , where U is the unipotent radical of B. The K-spherical
representations have the following explicit description:
Define the complex valued function ΛK,λ : G→ C
ΛK,λ(tuk) = λ(t)δ
1
2 (t),
STRUCTURE OF THE UNRAMIFIED L-PACKET 4
for t ∈ T , u ∈ U and k ∈ K. Here δ is the modulus function. Put
ΓK,λ(g) =
ˆ
K
ΛK,λ(kg)dk,
for g ∈ G. Denote by V[K],λ the space of functions f on G of the form
f(g) =
n∑
i=1
ciΓK,λ(ggi)
for c1, . . . , cn in C and g1, . . . , gn in G. We let G operate on V[K],λ by right trans-
lations, namely
(π[K],λ(g)f)(g1) = f(g1g)
for f in V[K],λ and g,g1 in G. Then it is well known that the representation
(π[K],λ, V[K],λ) is K-spherical and any K-spherical representation is isomorphic to
(π[K],λ, V[K],λ) for some unramified character λ (see [Car79, sec. 4.4]).
For different choices of K, the following corollary of theorem 1 describes the
condition for the representations (π[K],λ, V[K],λ) to be isomorphic.
Corollary 2. (πω1·[K],λ, Vω1·[K],λ)
∼= (πω2·[K],λ, Vω2·[K],λ) if and only if ζ(ω1) =
ζ(w2).
Let ρ˜ denote any element of ζ−1(ρ) for ρ ∈ Rˆϕ. Theorem 1 and corollary 2
immediately imply the following explicit description of the elements of the L-packet
Π(ϕλ).
Corollary 3. The elements of the L-packet Π(ϕλ) are {(πρ˜·[K],λ, Vρ˜·[K],λ) : ρ ∈
Rˆϕ}.
3. The group Ω
Let Ψ = (X,Φ,∆, Xˇ,Φˇ, ∆ˇ) be a based root datum as defined in [Spr79, 1.9]. Let
W =W (Ψ) be the Weyl group. Let {α1, . . . , αl} be the set of simple roots ∆. Let
Φaff = {a+ n : a ∈ Φ, n is an integer if
1
2a /∈ Φ (resp. any odd integer if
1
2a ∈ Φ)}.
Then Φaff is an affine root system in the real vector space V = V (Ψ) := R
⊗
Xˇ (see
[Mac03, Theorem 1.2.1]). The Weyl group W acts on V as the group of reflections
genrerated by r1, . . . , rl, where ri fixes the hyperplace {x ∈ V : αi(x) = 0)}. The
basis ∆ determines a particular alcove C in V as follows: let α˜0 =
∑l
i=1 aiαi be
the highest root with respect to ∆. Let α0 be the affine linear function 1 − α˜0 on
V and set a0 = 1, so that
l∑
i=0
aiαi ≡ 1.
Then the alcove determined by ∆ is the intersection of the half spaces:
C = {x ∈ V : αi(x) > 0 for 0 ≤ i ≤ l}.
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The group W˜ = W ⋉ Xˇ is called the extended affine Weyl group. It contains the
affine Weyl group W˜ ◦ = W ⋉ZΦˇ as a normal subgroup. W˜ acts transitively on the
set of alcoves in V. Let
Ω = Ω(Ψ) :=
{
ρ ∈ W˜ : ρ · C = C
}
.
Then,
W˜ = Ω⋉ W˜ ◦
and therefore Ω ∼= W˜/W˜ ◦ ∼= Xˇ/ZΦˇ.
4. R-groups and intertwinig operators
Let U denote the unipotent redical of B. Then B = TU . We will abbreviate
by I(λ), the principal series representation IndGBλ of G. Let N := NGA and let W
be the relative Weyl group of G. Then W ∼= N/T . Denote by w¯, a representative
of an element w of W. Let B¯ = T U¯ be the Borel subgroup opposite to B. Define
the usual intertwining operators :
A(w, λ) : I(λ)→ I(wλ),
(A(w¯, λ)f)(g) =
ˆ
U∩wU¯w−1
f(guw¯)du.
These operators converge in an appropriate domain and they may be analytically
continued so that they are defined for all unitary λ [Key82b, Sec. 2]. Further, they
satisfy the co-cycle relation
(4.1) A(w¯1w¯2, λ) = A(w¯1, w¯2λ)A(w¯2, λ),
provided
(4.2) length(w1w2) = length(w1) + length(w2).
Define the normalized intertwining operators
(4.3) A (w¯, λ) :=
1
cw(λ)
A(w¯, λ),
where cw(λ) is the Harish-Chandra c-function. Then with appropriate choices of
the coset representatives w¯ of the Weyl group elements, the co-cycle relation
(4.4) A (w¯1w¯2, λ) = A (w¯1, w¯2λ)A (w¯2, λ),
holds without any condition on the lengths of w1 and w2.
Let Φrel be the relative roots. Then W is the Weyl group associated to Φrel.
For α ∈ Φrel, let sα denote the reflection associated to α. Define
∆′ = {α ∈ Φrel : A(w, λ) is scalar},
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and let W ′ be the reflection group < sα : α ∈ ∆
′ >. Let
Wλ = {w ∈W : wλ = λ}.
Define
(4.5) R = R(G, λ) = {w ∈ Wλ : α ∈ ∆
′ and α > 0 imply wα > 0}.
Then
(4.6) Wλ = W
′ ⋊R.
For a unitary, unramified character, the Knapp-Stein R-group is abelian. This is
shown in [Key82b] for simply connected, almost simple, semi-simple groups. In
Corollary 10, we have proved it for any connected reductive group. It then follows
from [Key87, Thm. 2.4] ,
Theorem 4. For an unramified unitary character λ of T ,
(1) The commuting algebra End(I(λ)) of I(λ) is isomorphic to the group alge-
bra C[R].
(2) I(λ) decomposes with multiplicity one.
(3) The irreducible components of I(λ) are parametrized by the characters of
R.
Let I (λ) ∼= ⊕
ρ∈Rˆ
πρ be a decomposition of the pricipal series, where Rˆ is the group
of characters of R. This parametrization is not unique. It depends on the choice
of normalizations of intertwining operators giving End(I(λ)) ∼= C[R]. But any two
normalizations must differ by a one dimentional character ρ′ of R, i.e.,
A
′(r, λ) = ρ′(r)A (r, λ).
Then if π corresponds to the character ρ in the first normalization, then it corre-
sponds to the character ρ+ ρ′ in the second normalization.
5. Image of an unramified character under LLC
In this section, we review the description of the image of an unramified character,
under the local Langlands correspondence for tori.
Let T be a torus defined over k. Assume that T splits over an unramifed ex-
tension k′ of k. As before, we denote by T◦, the maximal compact subgroup of T .
Given t ∈ T (k′), let ν(t) ∈ Hom(X∗(T ),Z) be defined by ν(t)(m) = ord(m(t)).
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Then the map t 7→ ν(t) induces an isomorphism (see [Bor79, Sec 9.5]):
T/T◦ ∼= X∗(T )
σ
= X∗(Tˆ )σ
∼= X∗(Tˆ σ).
Here Tˆ σ denotes the co-invariant of Tˆ with respect to σ. From this we get
Hom(T/T◦,C
×) ∼= Hom(X∗(Tˆ σ),C
×)
∼= Tˆ σ.(5.1)
Thus to an unramified character χ of T, we can associate the σ-conjugacy class
of a semisimple element sχ of Tˆ . In fact, this is the image of χ under the Local
Langlands correspondence for tori,
Hom(T,C×)
∼
LLC // H1(Wk, Tˆ )
Hom(T/T◦,C×)
?
OO
∼ // Tˆ σ ∼= H1(Wk/I, Tˆ )
?
infl
OO
6. Coefficient of the spherical vector
Assume λ to be unitary. LetK be a hyperspecial subgroup of G. Let fK ∈ I(λ)
K
be such that fK(1) = 1. Let ρλ,[K] be the character of R defined by A (r, λ) fK =
ρλ,[K] (r) fK . Then,
Lemma 5. π
[K]
ρ 6= 0 ⇐⇒ ρλ,[K] = ρ.
Proof. The operators
(6.1) Pρ =
1
|R|
∑
r∈R
ρ (r)−1 A (r, λ)
are ˆ|R| orthogonal projections onto the invariant subspaces of I(λ). Let Uρ =
PρU , where U is the space realizing I(λ). Then
U =
⊕
ρ∈Rˆ
Uρ.
Since
A (r, λ) fK = ρλ,[K] (r) fK .
Therefore
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PρfK =
1
|R|
(∑
r∈R
ρ (r)
−1
ρλ,[K] (r)
)
fK
=
0 ρλ,[K] 6= ρfK ρλ,[K] = ρ,
i.e., UKρ 6= 0 ⇐⇒ ρλ,[K] = ρ. 
Thus, to understand which representation in the L-packet Π(ϕλ) is spherical for
which hyperspecial conjugacy class, we need to understand how the charactes ρλ,[K]
relate to each other for different choices of conjugacy classes [K].
7. Proof in a special case
To give the main ideas of the proof quickly, we first prove our theorem for the
simplest case when G is semisimple, almost simple, simply connected and split and
when λ is unitary. We will use the notations introduced in section 3.
The local Langlands correspondence for tori induces an isomorphism,
Hom(T/T◦,C
×) ∼= Tˆ .
The image of the unramified unitary characters under this isomorphism is the
subtorus Uˆ ∼= X ⊗ S1 ⊂ Tˆ ∼= X ⊗ C×. Now Uˆ ∼= X ⊗ (R/Z) ∼= X ⊗ R/X .
Therefore Uˆ/W ∼= X ⊗ R/W ⋉ X = V (Ψˇ)/W˜ . Thus, the LLC induces a natural
ismorphism Hom(T/T◦, S1)/W ∼= V (Ψˇ)/W˜ . Here S1 denotes the unit circle in C.
Thus, to a unitary unramified character λ, we can naturally associate a semisimple
element s = sλ ∈ Tˆ which corresponds to a point x = xλ in the closure of the alcove
C(Ψˇ). We’ll denote Ω(Ψˇ) by Ω whenever there is no ambiguity. Let Ωx denote the
stabilizer of x in Ω.
Proposition 6. There is a natural isomorphism Ωx ∼= R.
Proof. By [Ree10, Prop 2.1], Ωx ∼= π0
(
Z
Gˆ
s
)
, the connected component group of the
centralizer of the semi-simple element s. By [Key87, Proposition 2.6], π0
(
Z
Gˆ
s
)
∼=
R. Thus, Ωx ∼= R. Infact, it follows from the proofs of [Ree10, Prop 2.1] & [Key87,
Prop. 2.6] that isomorphism is induced by the natural projection W˜ ։ W . We
defer these details until proposition 9, where we prove our statement for more
general groups. 
Let Pˇ be the co-weight lattice of G. Then the set of conjugacy classes of hyper-
special points of G form a principal homogenous space for the group Pˇ /Xˇ. This
group is in duality with the group Ω ∼= X/ZΦ. Denote by (, ) : (Pˇ /Xˇ)× Ω→ Q/Z
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the pairing between them. Using the last proposition, we can realize R as a sub-
group of Ω by the natural embedding R ∼= Ωx ⊂ Ω. For r ∈ R, and ω ∈ Pˇ /Xˇ, let
ρω (r) = e
−2pii(ω,r). Then we have a natural surjection Ωˆ ։ Rˆ given by ω 7→ ρω.
Let K0 be a hyperspecial subgroup satisfying π
[K0]
0 6= 0. Pick Kω ∈ ω · [K0] and let
fω ∈ I(λ)
Kω be the spherical vector such that fω (1) = 1.
Proposition 7. A (r, λ)fω = ρω(r)fω .
Proof. By [Key82b, Section 4 lemma], one can do a case by case computation to
show this. The calculations are shown in the section 11. 
From the surjection Ωˆ։ Rˆ, we get a natural action of Ωˆ on Rˆ, namely, for ρ ∈ Rˆ
and ω ∈ Ωˆ, we let ω · ρ = ρ+ ρω. Let K be any hyperspecial subgroup. Let ω
′ ∈ Ωˆ
be such that ω′ · [K0] = [K]. Then from lemma 5, it follows:
π
ω·[K]
ω·ρ 6= 0 ⇐⇒ ω · ρ = ρω′+ω
⇐⇒ ρ = ρω′
⇐⇒ πω
′·[K0]
ρ 6= 0
⇐⇒ π[K]ρ 6= 0.
8. Construction of the relative based root datum
Let Ψ =
(
X,Φ,∆, Xˇ, Φˇ, ∆ˇ
)
be the based root datum of (G,B,T ), where G is
an unramifed, connected reductive group, B is a borel subgroup of G containing a
maximal torus T . The follwing construction is given in [Yu].
Define a new 6-touple:
Y = (Xσ)/torsion,
Yˇ = (Xˇ)σ,
S = {a : a ∈ Φ}, where a = a|Yˇ ,
Sˇ = {αˇ : α ∈ S},
E = {a : a ∈ ∆},
Eˇ = {αˇ : α ∈ E}.(8.1)
The explanation for the defining formulas is as follows. We first note that Y
and Yˇ are free abelian groups, dual to each other under the canonical pairing
(x, v) 7→< x, v >, for x ∈ Y , v ∈ Yˇ , where x is any preimage of x in X . Define αˇ
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for α ∈ S as follows:
(8.2) αˇ =

∑
aˇ,
a∈Φ:a|
Yˇ
=α
if 2α /∈ S
2
∑
aˇ,
a∈Φ:a|
Yˇ
=α
if 2α ∈ S
Theorem 8. [Yu]The 6-touple Ψ = (Y, S,E, Yˇ , Sˇ, Eˇ), with the canonical pairing
between Y and Yˇ and the correspondence S → Sˇ, α 7→ αˇ, is a based root datum,
which is not necessarily reduced. Moreover,
(1) The homomorphismW (Ψ)σ → GL(Yˇ ), w 7→ w|Yˇ is injective and the image
is W (Ψ).
(2) Let a, b ∈ Φ. Then a = b if and only if a, b are in the same σ-orbit.
9. Geometric description of the R-group
Let Ψˇ denote the dual of the based root datum Ψ defined in section 8. Let
V = V (Ψˇ) = Y ⊗ R and let W˜ = W ⋉ Y , where W = W (Ψ) is the relative Weyl
group. By equation 5.1, we have Hom(T/T◦,C×) ∼= Tˆ σ. Under this isomorphism,
the unramified unitary characters will correspond to the σ-conjugacy classes of the
compact subtorus Uˆ ∼= X ⊗ S1 of Tˆ ∼= X ⊗ C×. We have,
Uˆ ∼= X ⊗ (R/Z)
∼= X ⊗ R/X.
Therefore,
Uˆσ/W ∼= Y ⊗ R/W ⋉ Y
∼= V/W˜ .
By equation 5.1, it follows that the class of unitary unramified characters in
Hom(T/T◦,C×)/W are in one to one correspondence with the points of V/W˜ .
Assume that the unramified character λ of T is unitary. To the W orbit of λ we
can therefore associate a point x = xλ in the closure of the alcove C := C(Ψˇ) of V.
Let Ω := Ω(Ψˇ). We will also denote Ω(Ψˇ) by ΩG when the based root-datum is
clear from the context.
We have Ω ∼= Y/ZE. Let Ωx be the stabilizer of x in Ω.
Proposition 9. The natural projection W˜ ։ W induces an isomorphism
Ωx
∼= R.
Proof. Let W˜x = {w ∈ W˜ : w · x = x} be the stabilizer of x in W˜ . This group is
finite and its normal subgroup W˜ ◦x , generated by reflections about the hyperplanes
through x, acts simply transitively on the set of alcoves containing x in their closure.
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It follows that
W˜x = Ωx ⋉ W˜
◦
x
and therefore,
(9.1) Ωx
∼= W˜x/W˜
◦
x .
Let π : W˜ → W be the projection map. Let δ = s ⋊ σ. Let Nˆ = N
Gˆ
Tˆ be the
normalizer of Tˆ in Gˆ. Let Sδ = ZGˆδ. Let Zˆ = Z(Gˆ) be the center of Gˆ. Then the
proof in [Ree10, lemma 3.9] shows :
(9.2) W˜x ∼= Nˆ ∩ Sδ/Tˆ
σ
,
(9.3) W˜ ◦x
∼= Nˆ ∩ S◦δ /(Tˆ
σ
)◦.
We will include the proofs of 9.2 and 9.3 here for the sake of completeness. Let
Wδ := Nˆ ∩ Sδ/Tˆ
σ = Nˆ
δ
/Tˆ σ be the subgroup of W whose elements can be repre-
sented by δ fixed elements of Nˆ . If w ∈ W is the projection of an element of W˜x
then w · x− x ∈ Y . Let f be the order of σ and let
Pσ = f
−1(1 + σ + . . .+ σf−1) ∈ End(V )
be the projection onto V. Here V = V (Ψˇ) as before. Then Y ∼= PσX and
(9.4) [(1− σ)V +X ] ∩ V = Y.
[Ree10, Lemma 3.4 (17)]. There exists therefore, v ∈ V and y ∈ X such that
w · x− x = (σ − 1)v + y.
Setting s = exp(x), t = exp(v), we have
w(s) = t−1σ(t)s.
By [Bor79, Lemma 6.2], we may choose w˙ ∈ Nˆ
σ
such that w = w˙Tˆ . Then the
element n = tw˙ belongs to Nˆ
σ
and nTˆ = w. Thus the projection maps W˜x into
Wδ. The argument is reversible showing that π(W˜x) = Wδ. Finally, since the kernel
of π is torsion free and W˜x is finite, the map is also injective, completing the proof
of 9.2.
Let W ◦δ = π(W˜
◦
x ). Let Af be the set of affine roots vanishing on the hyperplanes
passing through x and let Avf be their vector parts. Then W
◦
δ is the subgroup
of Wδ generated by the roots A
v
f and W
◦
δ = Nˆ ∩ S
◦
δ /(Tˆ
σ
)◦ is the Weyl group
W (S◦δ , (Tˆ
σ
)◦) [Car85, 3.5].
Let Rλ = Sδ/S
◦
δ Zˆ
σ
. Then Proposition 2.6 in [Key87] states that there is a short
exact sequence
(9.5) 1→ Nˆ ∩ S◦δ /(Tˆ
σ
)◦ → Nˆ ∩ Sδ/Tˆ
σ
→ Rλ → 1
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and R ∼= Rλ. Therefore,
R ∼= (Nˆ ∩ Sδ/Tˆ
σ
)/(Nˆ ∩ S◦δ /(Tˆ
σ
)◦)
∼= W˜x/W˜
◦
x
∼= Ωx.
The last isomorphism follows from equation 9.1. This completes the proof of the
proposition. 
This result immediately gives the classification of R-groups. The same classi-
fication is obtained in [Key82a, Sec. 3, Theorem], in a case by case manner. In
particular, we have shown:
Corollary 10. The Knapp-Stein R-group for an unramified unitary character is
abelian.
Lemma 11. Ω̂tor = coker(Xˇσ → Xˇσad).
Proof. Let L denote the lattice ZE. We have the short exact sequence
0→ L→ Y → Y/L→ 0.
Applying the contravariant functor Hom(−,Z) to this, we get
Yˇ → Lˇ→ Ext1(Y/L,Z)→ 0.
This implies
Ext1(Y/L,Z) ∼= Lˇ/im(Yˇ )(9.6)
∼= Xˇσad/im(Xˇ
σ).(9.7)
Also, we have the short exact sequence
0→ Z→ Q→ Q/Z→ 0.
Let A be an abelian group. Applying the functor Hom(A,−), we get,
Hom(A,Q/Z)/im(Hom(A,Q)) ∼= Ext1(A,Z).
When A is finitely generated, we also have that
0→ im(Hom(A,Q))→ Hom(A,Q/Z)→ Hom(Ator,Q/Z)→ 0.
Here Ator denotes the torsion part of A. From the last sequence, we get that,
(9.8) Âtor ∼= Ext1(A,Z).
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Putting A = Y/L and using equations 9.7 and 9.8, we get,
̂(Y/L)tor ∼= Ext1(Y/L,Z)(9.9)
∼= Xˇσad/im(Xˇ
σ).(9.10)
This completes the proof of the lemma. 
10. Proof of the main theorem
We assume λ to be unitary till the end of section 10.2.
10.1. G semisimple, simply connected and unramified. Assume G to be
unramified, semisimple and simply connected. Then we can write G as the direct
product
G =H1 × . . .×Hn,
where Hi are semisimple, almost simple, simply connected and unramified. Thus,
it suffices to prove the result when G is unramified, semisimple, almost simple,
simply connected.
Let Pˇ be the co-weight lattice of G. Then the set of conjugacy classes of hyper-
special points of G form a principal homogenous space for the group Pˇ σ/Xˇσ. By
lemma 11, this group is dual to the group Ω ∼= Y/ZE (notations as in equation 8.1).
Denote by (, ) : (Pˇ σ/Xˇσ) × Ω → Q/Z the pairing between them. By proposition
9, R ∼= Ωx. So we can realize R as a subgroup of Ω. Thus we have a pairing
(, ) : (Pˇ σ/Xˇσ) × R → Q/Z. For r ∈ R, and ω ∈ Pˇ σ/Xˇσ, let ρω (r) = e−2pii(ω,r).
Then we have a natural surjection Ωˆ։ Rˆ given by ω 7→ ρω. Denote by [K0] the con-
jugacy class of a hyperspecial subgroup K0 satisfying π
[K0]
0 6= 0. Pick Kω ∈ ω · [K0]
and let fω ∈ I(λ)
Kω be the spherical vector such that fω (1) = 1.
Proposition 12. A (r, λ)fω = ρω(r)fω.
Proof. The proof again is computation like in the split case. It is worked out in
section 11. 
Then from the lemma 5, we get that π
ω·[K0]
ρ 6= 0 iff ρ = ρω. The rest of the proof
of the theorem in this case is now identical to the split case.
10.2. G reductive and unramified. Let G˜ = Z◦ × (Gder)sc where Gder is the
derived group of G and (Gder)sc is its simply connected cover. There is an isogeny
ς : G˜ ։ G . Let T˜ = Z◦ × (T der)sc. Let λ˜ be the pull back of the character λ of
T to T˜ . If f ∈ I(λ), then f ◦ (ς |G˜) is a map G˜ → C and it satisfies the principal
series condition. Thus, ς induces
̺ : I(λ)→ I(λ˜)
a G˜ map of the principal series representations.
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Lemma 13. ̺ is surjective.
Proof. Let f¯ (resp g¯) denote the image of an element f ∈ I(λ˜) (resp g ∈ G˜) under
̺ (resp ς). Let W be a represention of G˜ such that
I(λ˜) = I(λ)⊕W.
If W is non-trivial, then there exists a hyperspecial subgroup K˜ of G˜ such that
W K˜ 6= 0 [Key82b, Sec. 4, Theorem]. Let K be a hyperspecial subgroup of G such
that K ⊃ ¯˜K, where ¯˜K = ̺(K˜). Then I(λ)K 6= 0 implies I(λ)
K˜
6= 0. But dim
I(λ˜)K˜ = 1, a contradiction. This implies W = 0 and therefore the claim. 
Lemma 14. There is a natural inclusion
ΩtorG →֒ Ω
tor
G˜
.
Proof. Let the notations be as in equation 8.1. Let X◦ (respectively Y◦) be the
subgroup of X (respectively Y ) orthogonal to Φ (respectively S). Then Y/Y◦ ∼=
(X/X◦)σ/torsion. We have,
ΩtorG
∼= (Y/ZE)tor
and
ΩtorGder
∼= ((Y/Y◦)/ZE)
tor ∼= Y/(Y◦ + ZE).
[Spr79, 2.15 (a)]. The surjection Y/ZE ։ (Y/Y◦)/ZE induces a map ΩtorG → Ω
tor
Gder .
Let χ ∈ (Y◦+ZE) such that nχ ∈ ZE. Write χ = χ◦+q where χ◦ ∈ Y◦ and q ∈ ZE.
Then nχ ∈ ZE implies nχ◦ ∈ Y◦ ∩ ZE = 0 [Spr79, lemma 1.2]. This shows that
the map ΩtorG → Ω
tor
Gder is injective. Since Ω
tor
Gder →֒ Ω
tor
(Gder)sc , it follows that there
is a natural inclusion
ΩtorG →֒ Ω
tor
G˜
.

We then have,
(10.1) ΩtorG
  // Ωtor
G˜
ΩtorG,x
?
OO
  // Ωtor
G˜,x
.
?
OO
It follows that
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(10.2) Ω̂tor
G˜
// //

Ω̂torG

Ω̂tor
G˜,x
// // Ω̂torG,x.
By lemma 11, the conjugacy classes of hyperspecial subgroups of G (resp G˜)
is a principal homogenous space for Ω̂torG (resp Ω̂
tor
G˜
). Let R˜ = R(G˜, λ˜). Then by
proposition 9, Ωtor
G˜,x
∼= R˜ and ΩtorG,x
∼= R. (note that Ωtor
G˜,x
= ΩG˜,x and Ω
tor
G,x = ΩG,x)
Let µ 7→ ρ under ˆ˜R ։ Rˆ and ω˜ 7→ ω under Ω̂tor
G˜
։ Ω̂torG . Then from the diagram
10.2, it follows that ω˜ · µ 7→ ω · ρ. Using lemma 13, we get the diagram
(10.3) I(λ) // // I(λ˜)
πρ // //
?
OO
⊕
µ7→ρ
τµ.
?
OO
Let πρ be an irreducible component of I(λ). Then it follows from [Key82b, Sec
4, Theorem], that there exits a hyperspecial vertex h such that π¯G˜hρ 6= 0. Choose
0 6= f ∈ I(λ)Gh such that f(1) = 1. Then 0 6= f¯ ∈ π¯G˜hρ . This implies f ∈ πρ and
therefore πGhρ 6= 0. Thus, π
[Gh]
ρ 6= 0 iff π¯
[G˜h]
ρ 6= 0. Equivalently,
(10.4) π
ω·[Gh]
ω·ρ 6= 0 iff π¯
ω˜·[G˜h]
ω·ρ 6= 0.
Also, from the statement of our theorem proved for the semisimple, simply con-
nected and unramified groups in section 10.1, it follows that
(10.5) π¯
ω˜·[G˜h]
ω·ρ 6= 0 iff π¯
[G˜h]
ρ 6= 0.
From equations 10.4 and 10.5, it follows that for any hyperspecial subgroup K of
G, π
[K]
ρ 6= 0 iff π
ω·[K]
ω·ρ 6= 0.
10.3. Non-unitary case.
10.3.1. Construction of the L-packet. The following construction is given in [Sha11].
Let ϕ = ϕλ be the Langlands parameter attached to the character λ. The
parameter ϕ determines a commuting pair ϕ◦ and ϕ+ such that ϕ◦ is tempered
and
ϕ(w) = ϕ◦(w)ϕ+(w)
for all w ∈W ′k where W
′
k is the Weil-Deligne group.
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Let µ : T → C× be the character attached to ϕ◦ by Langlands. Similarly let
ν : T → C× be the character attached to ϕ+. Let ̟ be a uniformizer in k. The
simple roots (notations as in equation 8.1)
E′ = {α ∈ E : |ν(αˇ(̟)| = 1}
generate a Levi subgroup M of G whose dual group Mˆ contains Im(ϕ) in Gˆ. Also,
Rϕ◦(M )
∼= Rϕ(G).
Let P = MN be the parabolic subgroup of G with M as a Levi subgroup and
N ⊂ U where U is the unipotent radical of B. Let UM = U ∩ M . Then
τ = IndMTUMµ
is a tempered representation of M which may not be irreducible. Write
τ =
n⊕
i=1
τi,
where τi are irreducible. By replacing ν , τi and M with a W (G,A) conjugate, we
may assume that
I(ν, τi) = Ind
G
P τi ⊗ ν
is in the Langlands setting. The elements of the L-packet are then the unique
Langlands quotients J(ν, τi) of each I(ν, τi) 1 ≤ i ≤ n. i.e.,
Π(ϕλ) = {J(ν, τi) : 1 ≤ i ≤ n}.
Lemma 15. There is a natural embedding ΩtorM →֒ Ω
tor
G .
Proof. We have ΩM ∼= Y/ZE′ and ΩG ∼= Y/ZE. So we have a natural surjection
Pr : ΩM ։ ΩG. Let χ¯ ∈ Ω
tor
M such that Pr(χ¯) = 0. Then we can choose a
representative χ ∈ ZE of χ¯ such that nχ ∈ ZE′ for some integer n. Write
χ =
∑
i∈I
aiαi,
where ai ∈ Z, αi ∈ E and I is an indexing set for E. Write
nχ =
∑
j∈J
bjαj ,
where J ⊂ I is an indexing set for E′. Then
n
∑
i∈IrJ
aiαi +
∑
j∈J
(naj − bj)αj = 0.
This implies ai = 0 for i ∈ I r J and therefor χ ∈ ZE′, i.e., χ¯ = 0. Thus, the
projection Pr induces an embedding ΩtorM →֒ Ω
tor
G . 
By the lemma, we have a surjection L : Ω̂torG ։ Ω̂
tor
M . By proposition 9, there
is a natural surjection Ω̂torM ։
̂Rϕ◦(M ). Therefore, we have a natural surjection
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Ω̂torG ։ Rˆϕ from the diagram
(10.6) Ω̂torG
// //

Ω̂torM

Rˆϕ
∼= // ̂Rϕ◦(M).
Let KM be a hyperspecial subgroup of M such that τ
KM
ρ 6= 0, ρ ∈ Rˆϕ. Then
there is a hyperspecial subgroup KG of G containing some conjugate of KM . With-
iout loss of generality, KG ⊃ KM .
Claim 16. I(ν, τρ)
KG 6= 0.
Proof. Denote by Uρ the space realizing τρ and let u be a KM fixed vector in Uρ.
Let f : G→ Uρ be the function defined by
f(mnk) = δ1/2(m)τρ(m)u,
where m ∈M , n ∈ N and k ∈ KG. Then f is well defined and is fixed by KG. 
Lemma 17. J(ν, τρ)
KG 6= 0.
Proof. The Langlangs quotient J(ν, τρ) is the image of an intertwining operator
A(ν, τρ,w) : I(ν, τρ)→ I(wν,wτρ),
for some w ∈ W . Then J(ν, τρ)
KG 6= 0 follows from the fact that the image of a
KG spherical vector in I(λ) under
A(λ,w) : I(λ)→ I(wλ)
is non-zero. 
Conversely, if J(ν, τρ)
KG 6= 0, then some conjugate ofKG contains a hyperspecial
KM of M . Without loss of generality, KG ⊃ KM . If 0 6= g ∈ I(ν, τρ)
KG , then
0 6= g(1) ∈ τKMρ .
In the notations as above, let πρ = J(ν, τρ). Let ω ∈ Ω̂torG and ω¯ ∈ Ω̂
tor
M be its
image under L : ω 7→ ω¯. Then it follows from lemma 17 and the diagram 10.6,
π
ω·[KG]
ω·ρ 6= 0 ⇐⇒ τ
ω¯·[KM ]
ω¯·ρ 6= 0
⇐⇒ τ [KM ]ρ 6= 0
⇐⇒ π[KG]ρ 6= 0.
This completes the proof of the main theorem.
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11. Proof of Proposition 7 and 12
11.1. Affine Root Structure. Let G be semisimple, almost simple, simply con-
nected and unramified. Let N = NGA be the normalizer of A and let W be the
relative Weyl group of G. Let S denote the set of relative roots. Bruhat and Tits
define affine roots Σ associated to G. In the split case or in the case that G is
unramified and of type 2A2n−1(n > 3) or
2Dn+1(n ≥ 2),
Σ = {a+ n : a ∈ S, n ∈ Z}.
Affine roots can be regarded as affine linear functions x 7→ a(x)+n on the vector
space spanned by S. Let hα be the hyperplane on which α ∈ Σ vanishes. Let sα be
the reflection in the hyperplane hα. The affine Weyl group W˜ is generated by the
reflections sα, α ∈ Σ. For α ∈ Σ, let tα be the translation sαsα+1. There exists a
canonical surjection ν : N → W˜ . Let H be the kernel of ν.
There exists a collection of compact unipotent subgroups Uα of G, α ∈ Σ, satis-
fying the following properties (see [Mac71, page 27]):
(1) xUαx
−1 = Uν(x)α for x ∈ N , α ∈ Σ.
(2) Uα ( Uα−1, qα = (Uα−1 : Uα) is finite and
⋂
k∈Z
Uα+k = {1}.
(3) If β = −α+ r, r  0, then < Uα, Uβ, H >= UαHUβ .
(4) < Uα, Uβ, H >= Uαν
−1(sα)Uα ∪ UαHU−α+1.
(5) If hα and hβ are not parallel, i.e., if β 6= ±α + r for any r ∈ Z, then the
commutator group [Uα, Uβ ] is contained in < Urα+sβ|rα + sβ ∈ Σ, r, s ≥
0 > .
(6) Let S+ and S− denote the positive and negative roots respectively in S.
For each α ∈ S, let U(α) =
⋃
r∈Z
Uα+r. Let U
+ =< U(α) : α ∈ S
+ > and
U− =< U(α) : α ∈ S
− >. Then U+ ∩MU− = {1}.
(7) G =< N,Uα : α ∈ Σ >.
Lemma 18. [Key82a, Lemma] Let α be a positive simple root and let fK,λ ∈ I(λ) be
the K-fixed vector with fK,λ(1) = 1. Then A (sα, λ)fK,λ = fK,sαλ if U(α)∩K = Uα
and A (sα, λ)fK,λ = λ(tα)
−1fK,sαλ if U(α) ∩K = Uα−1 and qα/2 = 1.
11.2. More about the group Ω. Let G be semisimple, almost simple, simply
connected and unramified. Let Ψ = (Y, S,E, Yˇ , Sˇ, Eˇ) be the based root datum
defined in section 8. W is the relative Weyl group. Let Eˇ = {βˇ1, . . . , βˇn} where
βˇi, 1 ≤ i ≤ n, are the simple relative co-roots. Let
ˇ˜
β0 =
∑n
i=1 niβˇi be the highest
co-root. Put βˇ0 = 1 −
ˇ˜
β0. Let h =
∑n
i=1 ni + 1 be the coxeter number and put
δ◦ =
1
2
∑
β∈S+ β. Recall that C = C(Ψˇ) was the alcove in the apartment A = Y ⊗R
defined by {x ∈ A : βˇ0(x) ≥ 0, . . . , βˇn(x) ≥ 0}. Put n0 = 1 and give the weight ni
to the ith vertex of C. Then c◦ = h
−1δ◦ is the (weighted) barycenter of C. For any
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w ∈ W , let w˜ be the affine map x ∈ A 7→ w(x − c◦) + c◦. It is the unique affine
map fixing c◦ with tangent part w. Denote by Q the lattice generated by S.
Lemma 19. [AYY13, Lemma 6.2] For any w ∈W , the following are equivalent :
(1) w˜ ∈W ⋉ Y.
(2) w˜C = C.
(3) w˜(Eˇ◦) = Eˇ◦ where Eˇ◦ = Eˇ ∪ {βˇ0}.
(4) w(Eˇ ∪ {−
ˇ˜
β0}) = Eˇ ∪ {−
ˇ˜
β0}.
Then Ω = Ω(Ψˇ) is precisely the set of those w ∈ W satisfying these
conditions and w 7→ w˜(βˇ0) is a bijection between Ω and {βˇi ∈ Eˇ◦ : ni = 1}.
There is an isomorphism ι : Ω→ Y/Q defined by any of the following ways:
(a) ι(w) = (1− w)h−1δ +Q.
(b) ι(w) is the image of w˜ under W ⋉ Y → (W ⋉ Y )/(W ⋉Q) = Y/Q.
(c) If w 6= 0 and w˜(βˇ0) = βˇi, ι(w) is the i
th fundamental weight ωi modulo Q.
For w = 1, ι(w) = 0.
11.3. Calculations. Let the notations be as in section 8. Further, G is semisim-
ple, almost simple, simply connected and unramified. Let K0 be a hyperspecial
subgroup satisfying πK00 6= 0. Then K0 determines the choice of an origin in the
Bruhat-Tits building of G. For Kω ∈ ω · [K0], let fω,λ ∈ I(λ)
Kω be the spherical
vector such that fω,λ(1) = 1. For w ∈ W, let cλ(ω,w) be the coefficient of fω,w·λ in
the equation: A (w, λ)fω,λ = cλ(ω,w)fω,w·λ. Then cλ(ω,w) satisfies the co-cycle
relation,
(11.1) cλ(ω,w1w2) = cw2·λ(ω,w1) · cλ(ω,w2).
Let xλ denote the point in C associated to λ. Define c˜λ(ω,w) ∈ Q/Z by
cλ(ω,w) = e
−2piic˜λ(ω,w). Then c˜(ω,w) satisfies the cocycle relation:
(11.2) c˜λ(ω,w1w2) = c˜w2·λ(ω,w1) + c˜λ(ω,w2).
Let C = {x : x is a hyperspecial vertex in the closure of C}. Then the represen-
tatives of the conjugacy classes of hyperspecial subgroups can be chosen to be
{Gx : x ∈ C}. Also, the action of Ωˆ on the conjugacy classes of hyperspecial sub-
groups gives a bijection Ωˆ→ C.We use this bijection to identify Ωˆ with C whenever
there is no ambiguity. By lemma 18, we have,
A (sα, λ)fω,λ =
λ(tα)−1fω,sαλ α(ω) = 11 otherwise.
Therefore,
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cλ(ω, sα) =
e−2pii(xλ,αˇ) α(ω) = 11 otherwise.
Here (xλ, αˇ) denotes αˇ(xλ). Then,
(11.3) c˜λ(ω, sα) =
(xλ, αˇ) α(ω) = 10 otherwise.
Using proposition 9, we identify Rλ as a subgroup of Ω. For r ∈ Rλ, we calculate
c˜λ(ω, r) by using equations 11.1 and 11.3. Using lemma 19, we realize Rλ as a sub-
group of Y/Q. Finally, we calculate (ω, r) and show that c˜λ(ω, r) = (ω, r) mod Z,
implying cλ(ω, r) = ρω(r).
When G is split, Ω is non-trivial for the cases An, Bn, Cn, Dn, E6 and E7. When
G is unramified but not split, Ω is non-trivial only for the cases 2A2n−1(n ≥ 3) and
2Dn+1(n ≥ 2) [Ree10, table-1, page 29]. The method of calculation of cλ(ω,w) is
the same in all cases. We illustrate the cases below:
11.3.1. Type An. Let {ǫ1, ǫ2, . . . , ǫn+1} be the standard orthonormal basis of Rn+1.
We realize An as a root system in the vector space E where,
E = {
n+1∑
i=1
ciǫi : ci ∈ R,
∑
ci = 0}.
Then Φ = {ǫi − ǫj : i 6= j, 0 ≤ i, j ≤ n} is the set of roots. Let αi = ǫi − ǫi+1 for
1 ≤ i ≤ n. The set ∆ = {α1, . . . , αn} is a fundamental system in Φ. Also, Φˇ = Φ
and ∆ˇ = ∆. The highest root is β = α1 + . . .+ αn = ǫ1 − ǫn+1. The fundamental
weights are {x1, . . . , xn}, where
xk = ǫ1 + ǫ2 + . . . ǫk −
k
n+ 1
(ǫ1 + ǫ2 + . . .+ ǫn+1).
Let w˜0 be the generator of the Ω(Ψˇ) and let w0 be the vector part. Then w0 · αi =
αi+1 for 1 ≤ i ≤ n− 1 and w0 · αn = −β, by lemma 19. Write si for the reflection
about the hyperplane determined by the root αi. As a product of reflections,
w0 = (12 . . . n+ 1) = s1s2 . . . sn.Write
xλ =
n∑
i=1
aixi
= (b1, b2, . . . , bn+1)
for some ai ∈ Q and where bi =
1
(n+1) (−a1−2a2− . . .− (i−1)ai−1+(n+1− i)ai+
. . .+ (n+ 1− k)ak + . . .+ nan).
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If r ∈ Rλ, then r = w
d
0 for some integer d. Then by the cocycle relation 11.2, we
get
(11.4) c˜λ(ω,w
d
0) = c˜λ(ω,w0) + . . .+ c˜wd−2
0
λ(ω,w0) + c˜wd−1
0
λ(ω,w0).
Let ωi be the i
th fundamental co-weight, i.e., αj(ωi) = δij . The set of hyperspecial
verticles in the closure of the fundamental alcove is C = {0, ωi for 1 ≤ i ≤ n}.
Using equations 11.2 and 11.3, we get,
c˜λ(ω,w0) = bi − bn+1.
From this and the equation 11.4, we get
(11.5) c˜λ(ωi, w
d
0) = (bi − bn+1) + (bi−1 − bn) + . . . .
Since w˜0
d · xλ = xλ, it follows that ai = aj iff i ≡ j mod d. From this and the last
equation, it follow that
c˜λ(ωi, w
d
0) = (a0 + . . .+ ad−1)(n+ 1− i)
=
(n+ 1− i)d
n+ 1
.
The last equality follows because
∑n
i=0 ai = 1. Now w˜
d
0 · x0 = xd, where x0 is the
origin in V (Ψˇ). Therefore,
(ωi, r) = (ωi, xd) =
(n+ 1− i)d
n+ 1
.
Thus,
c˜λ(ωi, r) = (ωi, r) mod Z.
This prooves the result for type An.
11.3.2. Type Bn. The dual root sysyem of Bn is Cn. Let {ǫ1, ǫ2, . . . , ǫn} be the
standard orthonormal basis of Rn. Then Bn root system is given by Φ = {±ǫi ±
ǫj} ∪ {±ǫi}. The co-roots are Φˇ = {±ǫi ± ǫj} ∪ {±2ǫi}. Let αi = ǫi − ǫi+1 for
1 ≤ i ≤ n − 1 and αn = ǫn. The set ∆ = {α1, . . . , αn} is a set of simple roots
in Φ. The corresponding simple co-roots are ∆ˇ = {αˇ1, . . . , αˇn} where αˇi = αi for
1 ≤ i ≤ n− 1 and αˇn = 2αn. The highest co-root is βˇ = 2(αˇ1 + · · ·+ αˇn−1) + αˇn.
The fundamental weights are {x1, . . . , xn} where,
xk = ǫ1 + . . .+ ǫk for 1 ≤ k ≤ n− 1,
xn =
1
2
(ǫ1 + . . .+ ǫn−1 + ǫn).
Let w˜0 be the generator of the Ω(Ψˇ) and let w0 be the vector part. Then w0 · αˇi =
αˇn−i for 1 ≤ i ≤ n− 1 and w0 · αˇn = −βˇ. Thus for y = (y1, . . . , yn) ∈ Rn, w0 · y =
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(−yn,−yn−1, . . . ,−y1). As a product of reflections,
w0 = . . . qsn−2sn−1qsn−1qq, where q = sn . . . s1. Write
xλ =
n∑
i=1
aixi
= (b1, b2, . . . , bn),
for some ai ∈ Q and where bi = ai + . . . + an−1 +
1
2an. Let ω1 be the first
fundamental co-weight. Then ω1 = ǫ1 and C = {0, ω1}. Using equations 11.2 and
11.3 to calculate c˜(ω1, w0) we get,
c˜(ω1, w0) = (h, αˇ1)
where h = xλ + q · xλ + sn−1qq · xλ + . . .. Thus
c˜(ω1, w0) = (h, ǫ1 − ǫ2)
= b1 + bn
= a1 + . . .+ an−1 +
1
2
an +
1
2
an
= a1 + . . .+ an.(11.6)
Since w˜0 · xλ = xλ, it follows that ai = an−i for 1 ≤ i ≤ n− 1 and a0 = an. From
this and the relation
a0 + 2(a1 + . . .+ an−1) + an = 1,
it follows that c˜(ω1, w0) =
1
2 . Also (ω1, xn) =
1
2 . This completes the case of Bn.
11.3.3. Type Cn. Then Cn root system is given by Φ = {±ǫi ± ǫj} ∪ {±2ǫi}. Let
αi = ǫi − ǫi+1 for 1 ≤ i ≤ n − 1 and αn = 2ǫn. The set ∆ = {α1, . . . , αn} is a
set of simple roots in Φ. The corresponding simple co-roots are ∆ˇ = {αˇ1, . . . , αˇn},
where αˇi = αi for 1 ≤ i ≤ n − 1 and αˇn =
1
2αn. The highest co-root is βˇ =
αˇ1 + 2(αˇ2 + · · ·+ αˇn) = ǫ1 + ǫ2. The fundamental weigts are {x1, . . . , xn} where,
xk = ǫ1 + . . .+ ǫk for 1 ≤ k ≤ n.
Let w˜0 be the generator of the Ω(Ψˇ) and let w0 be the vector part. Then
w0 · αˇi = αˇi for 2 ≤ i ≤ n and w0 · αˇ1 = −βˇ. Thus for y = (y1, . . . , yn) ∈ Rn,
w0 · y = (−y1,y2, . . . , yn). As a product of reflections, w0 = s1 . . . sn−1snsn−1 . . . s1.
Write
xλ =
n∑
i=1
aixi
= (b1, b2, . . . , bn),
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for some ai ∈ Q and where bi = ai+ . . .+an−1+an. Let ωn be the nth fundamental
co-weight. Then ωn =
1
2 (ǫ1 + . . . + ǫn−1 + ǫn) and C = {0, ωn}. Using equations
11.2 and 11.3 to calculate c˜(ωn, w0), we get,
c˜(ωn, w0) = (sn−1 . . . s1 · xλ, αˇn)
= a1 + . . .+ an.
Since w˜0 · xλ = xλ, it follows that a0 = a1. From this and the relation
a0 + a1 + 2(a2 + . . .+ an) = 1,
it follow that c˜(ωn, w0) =
1
2 . Also (ωn, x1) =
1
2 . This completes the case of Cn.
11.3.4. Type Dn.
Case: n is odd
If {ǫ1, ǫ2, . . . , ǫn} is the standard orthonormal basis of Rn, then the root system of
Dn is given by Φ = {±ǫi±ǫj}. Let αi = ǫi−ǫi+1 for 1 ≤ i ≤ n−1 and αn = ǫn−1+ǫn.
The set ∆ = {α1, . . . , αn} is a set of simple roots in Φ. We have Φˇ = Φ and ∆ˇ = ∆.
The highest root is β = α1 + 2(α2 + . . . + αn−2) + αn−1 + αn = ǫ1 + ǫ2. The
fundamental weights are
xk = ǫ1 + . . .+ ǫk for 1 ≤ k ≤ n− 2,
xn−1 =
1
2
(ǫ1 + . . .+ ǫn−1 − ǫn),
xn =
1
2
(ǫ1 + . . .+ ǫn−1 + ǫn).
Let w˜0 be the generator of the Ω(Ψˇ) and let w0 be the vector part. Then w0 · αi =
αn−i for 2 ≤ i ≤ n−2, w0 ·α1 = αn−1, w0 ·αn−1 = −β, w0 ·(−β) = αn and w0 ·αn =
α1. Thus for y = (y1, . . . , yn) ∈ Rn, w0 · y = (yn,−yn−1,−yn−2, . . . ,−y1). As a
product of reflections,
w0 = . . . s4 . . . sn−2sns3 . . . sn−1s2 . . . sn−2sns1 . . . sn−1. Write
xλ =
n∑
i=1
aixi
= (b1, b2, . . . , bn)
for some ai ∈ Q and where bi = ai+ . . .+an−2+
an−1+an
2 for 1 ≤ i ≤ n−1 and bn =
−an−1+an
2 . Let ωi be the i
th fundamental co-weight. Then C = {0, ω1, ωn−1, ωn}.
The first fundamental co-weight ω1 = x1. Using equations 11.2 and 11.3 to calculate
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c˜(ω1, w0), we get,
c˜(ω1, w0) = (s2 . . . sn−1 · xλ, αˇ1)
= b1 − bn
= a1 + . . .+ an−1.
Since w˜0 · xλ = xλ, it follows that ai = an−i for 2 ≤ i ≤ n − 2 and a0 = a1 =
an−1 = an. From this and the relation
(11.7) a0 + a1 + 2(a2 + . . .+ an−2) + an−1 + an = 1
it follow that c˜(ω1, w0) =
1
2 . Also (ω1, xn) =
1
2 .
To compute c˜(ω1, w
2
0) and c˜(ω1, w
3
0) we can use the co-cycle relation 11.2.
For r = w20 ∈ Rλ we get
c˜λ(ω1, w
2
0) = c˜λ(ω1, w0) + c˜w0·λ(ω1, w0)
= b1 − bn + bn + b1
= 2b1.
Now if w˜0
2 · xλ = xλ, then it follows a0 = a1 and an−1 = an. From this and the
relation 11.7 we get b1 =
1
2 and therefore c˜λ(ω1, w
2
0) = 1. Also (ω1, x1) = 1.
For r = w30 ∈ Rλ we get,
c˜λ(ω1, w
3
0) = c˜λ(ω1, w
2
0) + c˜w20·λ(ω1, w0)
= 2b1 + bn − b1
= bn + b1.
Now if w˜0
3 · xλ = xλ, then it follows a0 = an−1 = an−1 = an and ai = an−i for
2 ≤ i ≤ n − 2. From this and the relation 11.7 we get b1 + bn =
1
2 and therefore
c˜λ(ω1, w
3
0) =
1
2 . Also (ωn−1, x1) =
1
2 .
The calculation for other hyperspecial vertices follows by the same method. This
completes the case of Dn when n is odd.
Case: n is even
In this case Ω(Ψˇ) is not cyclic. The non-trivial automorphisms of the extended
Dynkin diagram are:
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• w1 : {−β} ∪∆→ {−β} ∪∆
−β ←→ αn,
α1 ←→ αn−1,
αi ←→ αn−i.
• w2 : {−β} ∪∆→ {−β} ∪∆
−β ←→ α1,
αn−1 ←→ αn,
αi ←→ αi.
• w3 : {−β} ∪∆→ {−β} ∪∆
−β ←→ αn−1,
α1 ←→ αn,
αi ←→ αn−i.
For the fundamental weight ω1, we calculate c˜λ(ω1, w) for each w ∈ {w1, w2, w3}
and verify our result.
w1 : Rn → Rn is the map (y1, . . . , yn) 7−→ (−yn,−yn−1, . . . ,−y1). As a prod-
uct of reflections w1 = · · · s4 · · · sn−1s3 · · · sn−2sns2 · · · sn−1 · · · s1 · · · sn−2sn. Using
equations 11.2 and 11.3 to calculate c˜(ω1, w1) we get,
c˜(ω1, w1) = (s2 . . . sn−2sn · xλ, αˇ1)
= ((b1,−bn, b2, . . . , bn−2,−bn−1), ǫ1 − ǫ2)
= b1 + bn
= a1 + · · ·+ an−1.
Since w1 · xλ = xλ, it follows a0 = an and a1 = an−1. From this and the relation
11.7, we get that c˜(ω1, w1) =
1
2 . Also, (w1, xn) =
1
2 .
w2 : Rn → Rn is the map (y1, . . . , yn) 7−→ (−y1, y2, . . . , yn−1,−yn). As a prod-
uct of reflections w2 = s1 · · · sn−2snsn−1 · · · s1. Using equations 11.2 and 11.3 to
calculate c˜(ω1, w2) we get,
c˜(ω1, w2) = (xλ + s2 · · · sn−2snsn−1 · · · s1 · xλ, αˇ1)
= ((b1, . . . , bn) + (b2,−b1, b3, . . . , bn−1,−bn), ǫ1 − ǫ2)
= 2b1.
w2 · xλ = xλ implies a0 = a1 and an−1 = an. From this and the relation 11.7, we
get that c˜(ω1, w2) = 1. Also, (w1, x1) = 1.
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w3 : Rn → Rn is the map (y1, . . . , yn) 7−→ (yn,−yn−1, . . . , y1). As a prod-
uct of reflections w3 = sn−1 · · · s1sn · · · sns4 · · · sn−1s3 · · · sn−2sns2 · · · sn−1. Using
equations 11.2 and 11.3 to calculate c˜(ω1, w3) we get,
c˜(ω1, w3) = (sn · · · sns4 · · · sn−1s3 · · · sn−2sns2 · · · sn−1 · xλ, αˇ1)
= ((b1, bn,−bn−1,−bn−2, . . . ,−b2), ǫ1 − ǫ2)
= b1 − bn
= a1 + · · ·+ an−1.
Since w3 ·xλ = xλ implies a0 = an−1 and a1 = an. From this and the relation 11.7,
we get that c˜(ω1, w3) =
1
2 . Also, (w1, xn−1) =
1
2 .
The calculation for other hyperspecial vertices follows by the same method. This
completes the case of Dn when n is even.
11.3.5. Type E6. E6 can be realized as a subspace of R8. A set of simple roots
would then be ∆ = {α1, . . . , α6} where α1 = (−
1
2 ,
1
2 ,
1
2 ,
1
2 ,
1
2 ,
1
2 ,
1
2 ,−
1
2 ), α2 =
(1, 1, 0, 0, 0, 0, 0, 0), α3 = (−
1
2 ,
1
2 ,−
1
2 ,−
1
2 ,−
1
2 ,−
1
2 ,−
1
2 ,
1
2 ), α4 = (0,−1, 1, 0, 0, 0, 0, 0),
α5 = (0, 0,−1, 1, 0, 0, 0, 0), α6 = (0, 0, 0,−1, 1, 0, 0, 0). The fundamental weights
are,
x1 = (0, 0, 0, 0, 0,−
2
3
,−
2
3
,
2
3
)
x2 = (
1
2
,
1
2
,
1
2
,
1
2
,
1
2
,−
1
2
,−
1
2
,
1
2
)
x3 = (−
1
2
,
1
2
,
1
2
,
1
2
,
1
2
,−
5
6
,−
5
6
,
5
6
)
x4 = (0, 0, 1, 1, 1,−1,−1, 1)
x5 = (0, 0, 0, 1, 1,−
2
3
,−
2
3
,
2
3
)
x6 = (0, 0, 0, 0, 1,−
1
3
,−
1
3
,
1
3
).
Let β denote the highest root. Let w˜0 be the generator of the Ω(Ψˇ) and let
w0 be the vector part. Then under the action of w0 we have −β 7→ α1 7→
α6 7→ −β and α2 7→ α3 7→ α5 7→ α2 . As a product of reflections, w0 =
s1s3s4s5s6s2s4s5s3s4s1s3s2s4s5s6. Write
xλ =
6∑
i=1
aixi
= (b1, b2, . . . , b8),
for some ai ∈ Q and where bi denote the ith co-ordinate in the standard basis. Let
ωi be the i
th fundamental co-weight. Then C = {0, ω1, ω6}. Using equations 11.2
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and 11.3 to calculate c˜(ω6, w0) we get,
c˜(ω6, w0) = (xλ + s2s4s5s3s4s1s3s2s4s5s6 · xλ, αˇ6)
= 2b5
= a2 + a3 + 2(a4 + a5 + a6).
From the relation
(11.8) a0 + a1 + a6 + 2(a2 + a3 + a5) + 3a4 = 1
and the relations
(11.9) a0 = a1 = a6,
(11.10) a2 = a3 = a5,
we get that c˜(ω6, w0) =
2
3 . Also (ω6, x1) =
2
3 .
The calculation for the other hyperspecial vertex is very similar.
11.3.6. Type E7. E7 can be realized as a subspace of R8. A set of simple roots
would then be ∆ = {α1, . . . , α6} where α1 = (
1
2 ,
−1
2 ,
−1
2 ,−
1
2 ,−
1
2 ,−
1
2 ,−
1
2 ,
1
2 ), α2 =
(1, 1, 0, 0, 0, 0, 0, 0), α3 = (−1, 1, 0, 0, 0, 0, 0, 0), α4 = (0,−1, 1, 0, 0, 0, 0, 0), α5 =
(0, 0,−1, 1, 0, 0, 0, 0), α6 = (0, 0, 0,−1, 1, 0, 0, 0) and α7 = (0, 0, 0, 0,−1, 1, 0, 0). The
fundamental weights are,
x1 = (0, 0, 0, 0, 0, 0,−1, 1),
x2 = (
1
2
,
1
2
,
1
2
,
1
2
,
1
2
,
1
2
,−1, 1),
x3 = (−
1
2
,
1
2
,
1
2
,
1
2
,
1
2
,
1
2
,−
3
2
,
3
2
),
x4 = (0, 0, 1, 1, 1, 1,−2, 2),
x5 = (0, 0, 0, 1, 1, 1,−
3
2
,
3
2
),
x6 = (0, 0, 0, 0, 1, 1,−1, 1),
x7 = (0, 0, 0, 0, 0, 1,−
1
2
,
1
2
).
Let β denote the highest root. Let w˜0 be the generator of the Ω(Ψˇ) and let w0 be the
vector part. Then w0 is of order two and it sends −β 7→ α7, α1 7→ α6, α3 7→ α5 and
it fixes α2 and α4. As a product of reflections
w0 = s7s6s5s4s3s2s1s4s3s5s4s2s6s5s4s3s1s7s6s5s4s2s3s4s5s6s7. Write
xλ =
6∑
i=1
aixi
= (b1, b2, . . . , b8),
STRUCTURE OF THE UNRAMIFIED L-PACKET 28
for some ai ∈ Q and where bi denote the ith co-ordinate in the standard basis. Let
ωi be the i
th fundamental co-weight. Then C = {0, ω7}. Using equations 11.2 and
11.3 to calculate c˜(ω7, w0) we get,
c˜(ω7, w0) = (xλ + s6s5s4s2s3s4s5s6s7 · xλ +
s6s5s4s3s2s1s4s3s5s4s2s6s5s4s3s1s7s6s5s4s2s3s4s5s6s7 · xλ, αˇ7)
= 2b6 − b7 + b8.
From the relations
(11.11) a0 + 2a1 + 2a2 + 3a3 + 4a4 + 3a5 + 2a6 + a7 = 1,
(11.12) a0 = a7; a1 = a6; a3 = a5,
we get that c˜(ω7, w0) =
3
2 . Also (ω7, x7) =
3
2 . This completes the case of E7.
11.3.7. Types 2A2n−1(n ≥ 3) and
2Dn+1(n ≥ 2). The relative root system for
2A2n−1(n ≥ 3) is of type Bn and that
2Dn+1(n ≥ 2) is of type Cn. So the
calculations in these cases are the same as in the unramified case.
This completes the proof of the Proposition 7 and 12.
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